Systematic study of Rb atomic properties is carried out using high-precision relativistic all-order method. Excitation energies of the ns, np, nd, and nf (n ≤ 10) states in neutral rubidium are evaluated. Reduced matrix elements, oscillator strengths, transition rates, and lifetimes are determined for the levels up to n = 8. Recommended values and estimates of their uncertainties are provided for a large number of electric-dipole transitions. Electric-dipole (5s − np, n = 5 − 26), electricquadrupole (5s − ndj, n = 4 − 26), and electric-octupole (5s − nfj , n = 4 − 26) matrix elements are calculated to obtain the ground state E1, E2, and E3 static polarizabilities. Scalar polarizabilities of the ns, np, and nd states, and tensor polarizabilities of the np 3/2 and nd excited states of Rb are evaluated. The hyperfine A-and B-values in 87 Rb are determined for the first low-lying levels up to n = 9. These calculations provide recommended values critically evaluated for their accuracy for a number of Rb atomic properties useful for a variety of applications.
Accurate values of Rb atomic properties are of significant present interest owing to the importance of this system for ultracold atom studies [1] [2] [3] [4] . For example, deterministic entanglement of two individually addressed Rb neutral atoms using a Rydberg blockade mediated controlled-NOT gate was recently demonstrated in [2] . Rb has been recently used in mixed-species experiments with degenerate quantum gases [4] . Microwave transition between two ground-hyperfine states of 87 Rb was recommended as a secondary standard of a second [5] . While neutral Rb has been a subject of a number of experimental studies, large fraction of them focused on the first few lowest levels. Very few theoretical data have been evaluated for their accuracy. In this work, we carry out extensive study of Rb properties using the all-order method and evaluate accuracy of our results. In particular, recommended values of polarizabilities for a number of exited states are given. Importance of the polarizabilities for a variety of applications was recently discussed in the review [6] . We note that Rb represents an excellent benchmark cases for the theory vs. experiment comparisons owing to its relatively simple electronic structure and well-developed experimental techniques. Several high-precision measurements of Rb properties have been conducted recently [7] [8] [9] [10] [11] and present another motivation for this work. Availability of high-precision predictions may be not only useful for variety of current experiments, but also may stimulate further experimental work in benchmark high-precision measurements. We give a brief overview of the earlier experimental and theoretical studies of Rb properties below.
Energies, oscillator strengths, radiative transition rates, and lifetimes in Rb have been studied experimentally and theoretically in Refs. [8, during the past few decades. Large number of publications was also devoted to other properties such as multipole polarizabilities [33] [34] [35] [36] [37] [38] [39] [40] and hyperfine constants [9, 10, [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] .
Recently, the lifetimes of the 6s and 5d states of rubidium have been measured with high-precision in Refs. [8, 11] . Polarizabilities of highly-excited rubidium 9s, 10s, and 8d j states were determined by measuring the stark shifts of transitions using an electro-optically modulated laser beam to excite an atomic beam [7] . The scalar α 0 and tensor α 2 polarizability values were 100 times more accurate than previous measurements [36, 37] . Such high accuracy of experimental measurements is a challenge for tests of high-precision approaches and is one of the motivating factors for this work.
The compilation of experimental measurements of hyperfine magnetic-dipole (A) and electric-quadrupole (B) constants in 85 Rb and 87 Rb was presented by Arimondo et al. [45] . In that review, all measurements carried out before 1977 were included. More recent measurements of the A and B hyperfine constants of the 6d 3/2 , 7d 3/2 , and 8d 3/2 states in 85 Rb were published by Van Wijngaarden et al. [46] [47] [48] . Quantum beats due to the hyperfine interaction were observed in the radiative decay of the 6d 3/2 , 7d 3/2 , and 8d 3/2 states in Rb. The quantum beat technique has the advantage of not needing any external magnetic fields [46] [47] [48] . The only restriction on the quantum beat method is the requirement that the hyperfine coupling times be less than the excited-state lifetime and greater than the excitation pulse duration [46] [47] [48] . Using laser cooled samples of 85 Rb and 87 Rb in a magneto-optical trap, high resolution spectroscopy of the two-photon transitions 5s − 5d 3/2 , 5s − 5d 5/2 , and 5s − 7s were investigated by Snadden et al. [49] using the output from a mode-locked titanium sapphire laser. The hyperfine constants for the 7s term of both isotopes have been measured with improved accuracy in comparison with results in [45] . The absolute frequencies of rubidium 5s−7s two-photon transition at 760 nm were measured recently [9] to an accuracy of 20 kHz with an optical frequency comb based on a mode-locked femtosecond Ti:sapphire laser. The accuracy of the hyperfine constant of the 7s state was improved in Ref. [9] by a factor of 5 in comparison with previous result [49] . A hyperfine anomaly in the measurement of the hyperfine splitting of the 6s excited level in 87 Rb was observed in [10] . This measurement was performed by a two-step spectroscopy using the 5s − 5p 1/2 − 6s excitation sequence. The splitting of the 6s level was measured to obtain the magnetic dipole constants with high level of accuracy [10] .
One of the first high-precision ab initio calculations of Rb atomic properties was presented by Johnson et al.
[51] using third-order perturbation theory with the additional estimates of selected higher-order terms. The amplitudes of the 5p j → 5s and the 6s → 5p j transitions in Rb and similar transitions in other alkali-metal atoms were evaluated [51] . Ground-and excited-state energies, ionization potentials, and electron affinities were calculated for all the alkali-metal atoms using the relativistic Fock-space single-double coupled-cluster (CCSD) method in Ref. [52] . High-accuracy calculation of the removal energies of Rb, Cs, Fr and element 119 was carried out in Ref. [53] using the CCSD method starting from the Dirac-Coulomb-Breit Hamiltonian. The relativistic many-body calculations of atomic properties for alkalimetal atoms were presented by Safronova et al. [54] [55] [56] [57] [58] . Those calculations were carried out using the relativistic single-double (SD) method in which single and double excitations of Dirac-Fock wave functions are included to all orders of perturbation theory and provided accurate values of removal energies, electric-dipole matrix elements, hyperfine constants, and static polarizabilities [54] [55] [56] [57] [58] . Determination of electric-dipole matrix elements in K and Rb from Stark shift measurements was carried out in [58] . Magic wavelengths for the ns−np transitions in alkali-metal atoms were calculated in [57] . Blackbody radiation shift in 87 Rb microwave frequency standard was calculated with 0.3% accuracy in [59] . State-insensitive bichromatic optical trapping scheme was studied on the example of Rb in Ref. [60] .
In the present paper, the relativistic all-order method is used to calculate atomic properties of neutral rubidium for the ns, np j , nd j , and nf j (n ≤ 12) states. We evaluate a large number of transition matrix elements to calculate E1, E2, and E3 ground state polarizabilities, scalar polarizabilities of the ns, np, and nd states, and tensor polarizabilities of the np 3/2 and nd excited states of Rb. Excitation energies are calculated for the 41 first excited states. The hyperfine A-and B-values are determined for the first low-lying levels up to n = 9. The main motivation for this work is to provide recommended values for a number of atomic properties via a systematic high-precision study for use in planning and analysis of various experiments as well as theoretical modeling.
II. THIRD-ORDER AND ALL-ORDER CALCULATIONS OF ENERGIES
Energies of nl j states in Rb were evaluated for n ≤ 10 and l ≤ 3 using both third-order relativistic many-body perturbation theory (RMBPT) and the single-double (SD) all-order method discussed in Ref. [62] , in which single and double excitations of Dirac-Fock (DF) wave functions are iterated to all orders. Performing both calculations allows to evaluate effects of the fourth and higher orders. We use very large N = 70 B-spline basis set [63] to increase the number of states that can be considered. The present calculation of the polarizabilities required accurate representation of rather highly excited states, such as 6l − 13l, leading to the use of the large R = 220 a.u. cavity for the generation of the finite basis set. As a result, higher number of basis states was required to produce high-accuracy single-particle orbitals. Results of our energy calculations are summarized in Table I . Columns 2-8 of Table I give the lowest-order DF energies E (0) , second-order and third-order Coulomb correlation energies E (2) and E (3) , first-order and secondorder Breit corrections B (1) and B (2) , and an estimated Lamb shift contribution, E (LS) . The Lamb shift E (LS) is calculated as the sum of the one-electron self energy and the first-order vacuum-polarization energy. The vacuumpolarization contribution is calculated from the Uehling potential using the results of Fullerton and Rinker [64] . The self-energy contribution is estimated for the s and p orbitals by interpolating among the values obtained by Mohr [65, 66, 67] using Coulomb wave functions. We note that the E (LS) is above 0.1cm −1 only for the ground state.
We list the all-order SD energies in the column labeled E SD and list the part of the third-order energy missing from E SD in the column labeled E
extra . The sum of the seven terms
extra , B (1) , B (2) , and E
(LS)
is our final all-order result E SD tot , listed in the eleventh column of Table I . Recommended energies from the National Institute of Standards and Technology (NIST) database [61] are given in the column labeled E NIST . Differences between our third-order and all-order calculations and experimental data, δE
tot − E NIST and δE SD = E SD tot − E NIST , are given in the two final columns of Table I, respectively. As expected, the largest correlation contribution to the valence energy comes from the second-order term E (2) . Therefore, we calculate E (2) with higher numerical accuracy. The second-order energy includes partial waves up to l max = 8 and is extrapolated to account for contributions from higher partial waves (see, for example, Refs. [68, 69] for details of the extrapolation procedure). As an example of the convergence of E (2) with the number of partial waves l, consider the 5s state. Calculations of E (2) with l max = 6 and 8 yield E (2) (5s) = -3283.1 and -3297.8 cm −1 , respectively. Extrapolation of these calculations yields -3306.1 and -3306.8 cm −1 , respectively, resulting in numerical uncertainty in E (2) (5s) of 0.7 cm −1 . Smaller (about 4-6 cm −1 ) contributions are obtained for the 4d, 5p, and 5d states and much smaller contributions (0.5 -1.5 cm −1 ) are obtained for the n = 6 states. Owing to the numerical complexity, we restrict l ≤ l max = 6 in the E SD calculation. As noted above, the second-order contribution dominates E SD ; therefore, we can use the extrapolated value of the E (2) described above to account for the contributions of the higher partial waves. Six partial waves are also used in the calculation of E (3) . The column labeled δE SD in Table I gives differences between our ab initio results and the experimental values [61] . The SD results agree better with the measured values than do the third-order MBPT results (the ratio of δE (3) /δE SD is about 10 for some of cases), illustrating the importance of fourth and higher-order correlation corrections. The all-order values are in excellent agreement with experiment. In Table II , we list our recommended values for the 50 E1 ns − n ′ p, nd − n ′ p, and nd − n ′ f transitions. We note that we have calculated over 500 E1 matrix elements to evaluate lifetimes and polarizabilities presented in this work. We list only the matrix elements that give significant contributions to the atomic properties calculated in the other sections. To evaluate the uncertainties of these values, we carried out several calculations in different approximations. We list the lowestorder Dirac-Fock (DF) Z DF , second-order Z (DF+2) , and third-order Z (DF+2+3) values in the first three numerical columns of Table II to demonstrate the size of the second, third, and higher-order correlation corrections.
The absolute values of the reduced matrix elements in atomic units (a 0 e) are given in all cases. The many-body perturbation theory (MBPT) calculations are carried out following the method described in Ref. [70] . The values Z (DF+2) are obtained as the sum of the second-order correlation correction Z (2) and the DF matrix elements Z DF . The third-order matrix elements Z (DF+2+3) include the DF values, the second-order Z (2) results, and the thirdorder Z (3) correlation correction. Z (3) includes randomphase-approximation terms (RPA) iterated to all orders, Brueckner orbital (BO) corrections, the structural radiation, and the normalization terms (see [70] for definition of these terms).
Next four columns of Table II contain four different all-order calculations. Ab initio electric-dipole matrix elements evaluated in the all-order SD (single-double) and SDpT approximations (single-double all-order method including partial triple excitations [71] ) are given in columns labeled Z SD and Z SDpT . Differences between the Z SD and Z SDpT values are generally 0.5 % -2.0 % for the transitions listed in Table II . The SD and SDpT matrix elements Z SD include Z (3) completely, along with important fourth-and higher-order corrections. The fourthorder corrections omitted from the SD matrix elements were discussed by Derevianko and Emmons [72] .
Recently, we have developed some general criteria to establish the final values for all transitions and evaluate uncertainties owing to the need to analyze a very large number of transitions [73] . To evaluate the uncertainties of our matrix elements and to provide recommended values, we carried out semi-empirical evaluation of the missing correlation corrections using the scaling procedure. The uncertainty evaluation was discussed in detail in Ref. [73] , and we briefly summarize it below.
The matrix elements of any one-body operator Z = ij z ij a † i a j are obtained within the framework of the SD all-order method as
The |Ψ v and |Ψ w are given by the expansions
where
is the lowest-order atomic state vector. In Eq. (2), the indices m and n range over all possible virtual states while indices a and b range over all occupied core states. The quantities ρ ma , ρ mv , ρ mnab , and ρ mnva are single-excitation coefficients for core and valence electrons and double-excitation coefficients for core and valence electrons, respectively. In the SD approximation, the resulting expression for the numerator of Eq. (1) consists of the sum of the DF matrix element z wv and 20 other terms that are linear or quadratic functions of the excitation coefficients.
However, only two terms give dominant contributions for all transition matrix elements considered in this work:
or
whereρ mnab = ρ mnab − ρ nmab and z wv are lowest-order matrix elements of the corresponding one-body operator. For most of the transitions considered in this work, term Z (c) is the dominant term. To evaluate missing corrections to this term, we need to improve the values of the valence single-excitation coefficients ρ mv [74] . These excitation coefficients are closely related to the correlation energy δE v . The omitted correlation correction can be estimated by adjusting the single-excitation coefficients ρ mv to the experimentally known value of the valence correlation energy, and then re-calculating the matrix elements using Eq. (1) with the modified coefficients [74] 
The δE expt v is defined as the experimental energy [61] minus the lowest order DF energy ǫ v . This is a rather complicated procedure that involves complete recalculation of the matrix elements with new values of the valence excitation coefficients. The scaling factors depend on the correlation energy given by the particular calculation. Therefore, the scaling factors are different for the SD and SDpT calculations, and these values have to be The term Z (a) is not corrected by the scaling procedure. However, it is dominant for very few transitions that give significant contributions to the atomic properties considered in this work, and we consider such cases separately. Therefore, we can establish the recommended set of values and their uncertainties based on the ratio R = Z (c) /Z (a) . We take the SD scaled result as the final value if R > 1. Otherwise, we use SD result as the final value. If 0.5 < R < 1.5, we evaluate the uncertainty in term Z (c) as the maximum difference of the final value and the other three all-order values from the SD, SDpT, SDsc, and SDpTsc set. We assume that the uncertainty of all the other terms does not exceed this value and add two uncertainties in quadrature. If 1.5 < R < 3, we evaluate the final uncertainty as the max(SDsc-SD, SDsc-SDpT, SDsc-SDpTsc). If the term Z (c) strongly dominates and R > 3, we evaluate the final uncertainty as max(SDsc-SDpT, SDsc-SDpTsc). In the case of the 5d − 5p matrix elements, the uncertainty is determined as the difference of the scaled SD and SDpT data owing to very large correlation correction. We have conducted numerous comparisons of all available data on various properties of many different monovalent systems with different types of experiments in many other works (see [71, [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] , and references therein) and found that such procedures do not underestimate the uncertainties but may somewhat overestimate them in some cases. The electric-dipole matrix elements for transitions involving nd states are generally very strongly dominated by the term Z (c) . Therefore, we carried out two sets of the SD calculations for the nd states to further evaluate the uncertainty and stability of the scaling procedure. In the first run, we allow the valence excitations coefficients to converge to a specified numerical criteria, i.e. the iteration process terminates when the relative difference between valence correlations energies resulting from two subsequent iterations is below 0.0001. In the second run, we terminate the iteration process after the third iteration, which results in the scaling factor near 1, closely reproducing the experimental correlation energy. Scaling was carried out in both cases and consistency of the results was studied for the case with the largest correlation correction, 5d − 5p transition. Even in this extreme case, the difference (1%) was well below quoted uncertainty (3%). Extensive study of the optimal iteration and scaling procedures for the nd states was also carried out in [84] . The results from second run are given for nd and nf properties listed in the paper. We note that SDpT and SDpTsc data were always fully iterated, thus including the differences in the iteration and scaling procedures into the uncertainty.
The last column of Table II gives relative uncertainties in the final values Z final in %. Our final results and their uncertainties are used to calculate the recommended values of the transition rates, oscillator strengths, lifetimes, and polarizabilities as well as evaluate the uncertainties of these results.
B. Transition rates and oscillator strengths
We combine recommended NIST energies [61] and our final values of the matrix elements listed in Table II to calculate transition rates A and oscillator strengths f . The transition rates are calculated using
where the wavelength λ is inÅ and the line strength S = d 2 is in atomic units. Transition rates A (s −1 ) and oscillator strengths (f ) for the ns − n ′ p, np − n ′ s, np − n ′ d, and nd − n ′ p, and nd − n ′ f transitions in Rb are summarized in Table III . Vacuum wavelengths obtained from NIST energies are also listed for reference. The relative uncertainties in per cent are listed in the column labeled "Unc.". The relative uncertainties of the transition rates and oscillator strengths are twice of the corresponding matrix element uncertainties since these properties are proportional to the squares of the matrix elements.
C. Lifetimes
We calculated lifetimes of the 6s -10s, 5p j -9p j , 4d j8d j , 4f j , and 5f j states in Rb using out final values of the dipole matrix elements and NIST energies [61] . The uncertainties in the lifetime values are obtained from the uncertainties in the matrix elements large fraction of which is listed in Table II . The comparison of our results with the latest experimental [8, 11, 16, 19, 21, 22, [27] [28] [29] and theoretical [21, 55] values is given in Table IV . The present lifetimes are in good agreement with experiential results when theoretical and experimental uncertainties are taken into account. The accuracy of the 6s lifetime measurement was substantially improved in recent paper [8] in comparison with older measurements [19] (45.57±17ns [8] instead of 46±5ns [19] ). Our theoretical results for the 6s and 5p j lifetimes are in excellent agreement with recent precision measurement reported in [8] and [28] , respectively.
The lifetimes of the 5d states are particularly difficult to calculate accurately owing to very large correlation contributions to the 5p − 5d matrix elements. For example, DHF value for the 5d 5/2 − 5p 3/2 matrix element is 109.4(1.7) 106.09 [21] 0.439 a.u. while our final value is 1.982 a.u. There are only two decay channels (5d 5/2 − 5p 3/2 and 5d 5/2 − 6p 3/2 ) in the case of the 5d 5/2 level, and 5d 5/2 − 5p 3/2 channel contributes 67%. As a result, the uncertainty of the 5d lifetime is dominated by the uncertainty in the 5d 5/2 −5p 3/2 matrix element, which is 2.6%. As we noted above, the uncertainty in the respective transition rate is twice that of the matrix element. There are four decay channels (5d 3/2 − 5p j and 5d 3/2 − 6p j ) in the case of the 5d 3/2 level, and combined 5d 3/2 − 5p j contribution is 63%. Nevertheless, our values are in agreement with recent measurements [11] taking into account the uncertainties of our values. Lifetime measurements of the 5d 3/2 and 5d 5/2 states of rubidium were performed using the time-correlated single-photon-counting method [11] . The 761.9 nm fluorescence from the decay of the 5d 3/2 state to the 5p 1/2 state was recorded, and resulting value of the lifetime of the 5d 3/2 state was reported to be τ =246.3±1.6 ns. Authors recorded the 420.2 nm fluorescence from the cascade decay of the 5d 5/2 state to the 5s 1/2 state through the 6p 3/2 state, and extracted the lifetime of the 5d 5/2 state to be τ =238.5±2.3 ns. These measurements represent more than an order of magnitude improvement in comparison with older experiments (lifetime of the 5d 5/2 level reported by Marek and Munster in Ref. [19] was equal to 230±23 ns, while the lifetime of the 5d 3/2 level reported by Tai et al. in Ref. [14] was equal to 205±40 ns). Small differences between our present results and all-order calculations from Ref. [55] are due to differences in the iteration procedure discussed in the previous section, and are generally within the quoted uncertainties. We observe some disagreement between our data and older, less accurate experimental results. For example, our theoretical lifetime for the 8d 3/2 level (468.8±4.2ns) differs by 10% from the experimental lifetime (515±30ns) in Ref. [16] . It should be noted that another experimental lifetime obtained 15 years later [22] gave even larger value (586±15ns). Our theoretical value for the the 8d 3/2 lifetime is good agreement with theoretical value (455.48ns) given by Theodosiou [21] . The difference in evaluations of the 5p 3/2 and 8d 3/2 lifetimes is in increasing of the number of transitions in the case of the 8d 3/2 level. We need to consider the 10 np j − 8d 3/2 transitions with n = 5-9 and j = 1/2 and 3/2 and the 3 nf 5/2 − 8d 3/2 transitions with n = 4-6. The major contribution (70%) in the sum of transition rates used in the evaluation of the 8d 3/2 lifetime comes from the sum of the 5p 1/2 − 8d 3/2 and 5p 3/2 − 8d 3/2 transitions rates. The sum of the 6p 1/2 − 8d 3/2 and 6p 3/2 − 8d 3/2 transitions rates brings additional 12%. The nf 5/2 − 8d 3/2 transitions with n = 4-6 contribute another 12%. The last 6% contribution comes from the np j − 8d 3/2 transitions with n = 7-9 and j = 1/2 and 3/2. New, more accurate, measurements of such lifetimes would provide excellent benchmark tests of theoretical calculations.
IV. STATIC MULTIPOLE POLARIZABILITIES OF THE 5s GROUND STATE
The static multipole polarizability α Ek of Rb in its 5s ground state can be separated into two terms; a dominant first term from intermediate valence-excited states, and a smaller second term from intermediate core-excited states. The later term is smaller than the former one by several orders of magnitude and is evaluated here in the random-phase approximation [85] . The dominant valence contribution is calculated using the sum-over-state approach
where C kq (r) is a normalized spherical harmonic and where nl j is np j , nd j , and nf j for k = 1, 2, and 3, respectively [86] . The reduced matrix elements in the dominant contributions to the above sum are evaluated using out final values of the dipole matrix elements and NIST energies [61] . The uncertainties in the polarizability contributions are obtained from the uncertainties in [40] 237000 the matrix elements. The final values for the quadrupole and octupole matrix elements and their uncertainties are determined using the procedure that was described above for the dipole matrix elements. Contributions to dipole, quadrupole, and octupole polarizabilities of the 5s ground state are presented in Table V. The first two terms in the sum-over-states for α E1 , α E2 , and α E3 contribute 99.4%, 94.18%, and 48.2%, respectively, of the totals. The remaining 6% of α E2 contribution from the (5-26)nd j states is divided into two parts, 
= (7 − 12)f 7/2 , n2f 7/2 includes nf 7/2 states with n > 13. Uncertainties are given in parenthesis. The final results are compared with other theory [7, 38] resulting from (5-12)nd j and (13-26)nd j states. Finally, the 48% of α E3 contribution from the (5-26)nf j states are split in Table V into seven contributions coming from the 5f j , 6f j , 7f j , 8f j , (9-12)n j , (13-18)nd j , and (19) (20) (21) (22) (23) (24) (25) (26) nd j states to show relative importance of these terms. We use recommended energies from [61] and our final matrix elements to evaluate terms in the sum with n ≤ 13, and we use theoretical SD energies and wave functions to evaluate terms with 13 ≤ n ≤ 26. The remaining contributions to α Ek from orbitals with 27 ≤ n ≤ 70 are evaluated in the DF approximation since the contributions from these terms are smaller than 0.01% in all cases. These terms are grouped together as "Tail".
Final results for the multipole polarizabilities of the Rb ground state are compared in Table V with high-precision calculations from Refs. [39, 40] and experimental measurements presented in Refs. [34, 35] . Our results agree with values given by Derevianko et al. [39] for the dipole polarizability taking into account the uncertainty given in [39] . Our recommended values for the quadrupole and octupole polarizabilities are in agreement with values of Ref. [40] .
V. SCALAR AND TENSOR EXCITED STATE POLARIZABILITIES
The valence scalar α 0 (v) and tensor α 2 (v) polarizabilities of an excited state v of Rb are given by
The excited state polarizability calculations are carried out in the same way as the calculations of the multipole polarizabilities discussed in the previous section. We list the contributions to the 6s, 7s, 8s, 9s, 10s, 5p j , 6p j , 7p j , 4d j , 5d j , and 6d j scalar polarizabilities of Rb in Table VI . The dominant contributions are listed separately. The remaining contributions are grouped together. For example, "nd 3/2 " contribution includes all of the nd 3/2 terms excluding only the terms that were already listed separately. We evaluate contribution from ionic core α core in the RPA and find α core = 9.076 a 3 0 . Contributions from the np states with n ≤ 26 to the ns polarizabilities are so small in comparison with the main contributions that we group them together with the α core contribution in the line labeled "Other". Contributions from excited ns and nd states with n > 26 to the np polarizability are very small α n>26 (5p 1/2 ) = 0.061 a Table VI with semi-empirical values of van Wijngaarden [38] where a Coulomb approximation was used. These results [38] are in good agreement with our calculations. The differences are about 0.3% for the polarizabilities of the ns and np states. Larger differences are observed for the nd states (1.5% for the 4d j states and 5% for the 5d j states). It is expected owing to generally larger contributions of the correlation corrections to the nd states, and our more complete treatment of the correlation corrections.
Our final results are in excellent agreement with recent precision measurements reported in Refs. [7] (0.26% difference for the α (SD) (9s) and 0.35% difference for the α (SD) (10s)).
A breakdown of contributions to the tensor dipole polarizability α 2 for the excited np 3/2 (n = 5, 6 and 7), and nd j (n = 4, 5, and 6) states is presented in Table VII . Evaluation of the tensor polarizability follows the same pattern as the scalar polarizability (compare Eqs. (8) and (9)). The difference in evaluations of the α 0 and α 2 values is in the angular part only. States with n > 13 in our basis have positive energies and provide a discrete representation of the continuum. We find that the continuous part of spectra is responsible for 2% of α 2 (5p 3/2 ). We have evaluated the continuum contributions and near continuum contributions in the range 11 < n ≤ 26 using SD wave functions for dipole matrix elements. For n ≤ 11, we use SD matrix elements and NIST energies [61] in the sums. Contributions from states with n > 26 is negligible (about 10 −4 %). Our final results for α 2 are given Table VII. We observe very strong cancelations of dominant terms in many of the tensor polarizabilities resulting in larger uncertainties in our values. Final results for the tensor polarizabilities α 2 are compared in Table VII with semi-empirical values of van Wijngaarden [38] where a Coulomb approximation was used. The agreement between our results and semi-empirical values from Ref. [38] is at the level of 1% for the 6p 3/2 and 4d 3/2 states. For all other states (5p 3/2 , 4d 5/2 , 5d 3/2 , and 5d 5/2 ), the differences are about 10%.
VI. HYPERFINE CONSTANTS FOR
87 RB
Calculations of hyperfine constants follow the pattern described earlier for calculations of transition matrix elements. In Table VIII , we list hyperfine constants A for 87 Rb and compare our values with available experimental data from Refs. [45] . In this table, we present the lowestorder A (DF) , all-order A (SD) , and A (SDpT) values for the ns, np, and nd levels up to n = 9. The magnetic mo- ment and nuclear spin of 87 Rb used here are taken from [87] . The importance of the triple excitations for accurate evaluation of the hyperfine constants was previously discussed in Ref. [71] , and we take our SDpT values as final. Our SDpT results are in very good agreement with experimental values for the ns and np 1/2 states. Our A (SDpT) values for the 7s and 6s states are in the excellent agreement with recent measurements [9, 10] . The difference between theory and experiment is equal to 0.17% for the 7s state and 0.07% for the 6s state.
The correlation correction for the nd 5/2 states is of the same order of magnitude as the DF value and has an opposite sign. With such large cancelations, it is difficult to calculate A(nd 5/2 ) accurately. However, we find good agreement between our A (SDpT) values and experimental values [45] , except for the 5d 5/2 state, where the disagreement is about 4%.
Finally, we would like to demonstrate very smooth dependence of the A (SD) hyperfine constants on the principal quantum number n. In Fig. 1 , we present our A (SD) values for the ns, np 1/2 , np 3/2 , nd 3/2 , and nd 5/2 levels with n = 4 − 13. It should be noted that the values of A (SD) (nd 5/2 ) are shown with an opposite sign since we use logarithmical scale.
Hyperfine constants B (in MHz) in 87 Rb (I=3/2, µ=2.75124 [87] ) are given in Table VIII. Nuclear quadrupole moment Q equal to 0.132 in barns (1 b=10 −24 cm 2 ) [88] . The SD and SDpT (single-double all-order method including partial triple excitations) data are compared with experimental results [45] .
VII. CONCLUSION
In summary, we carried out a study of Rb atomic properties for the ns, np j , nd j , and nf j (n ≤ 10) states using high-precision relativistic all-order approach and evaluated uncertainties of our recommended values. The energy values are in excellent agreement with existing experimental data. Reduced matrix elements, oscillator strengths, transition rates, and lifetimes for the first lowlying levels up to n =8 are calculated. Electric-dipole (5s − np j , n = 5 − 26), electric-quadrupole (5s − nd j , n = 4 − 26), and electric-octupole (5s − nf j , n = 4 − 26) matrix elements are calculated to obtain the ground state E1, E2, and E3 static polarizabilities. Scalar polarizabilities of the ns, np j , and nd j states, and tensor polarizabilities of the np 3/2 and nd j excited states of Rb are evaluated. Particular care was taken to accurately treat contributions from highly-excited states. We evaluate the uncertainties of our calculations for most of the values listed in this work. Hyperfine A-and B-values are presented for the first low-lying levels up to n =9. This work provides recommended values for a number of atomic properties via a systematic high-precision study for use in planning and analysis of various experiments as well as theoretical modeling.
